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Purpose

Measure a wheel’s angular velocity and angular acceleration which are caused by the torque of the
wheel. Through the measurement, we can verify Newton's laws of motion and other physical quantities
of a rotating rigid body around a fixed axis. The main measuring method is to rotate a wheel by
external torques and then measure the rotating wheel’s angular velocity and angular acceleration and
other rotating physical quantities.

Theory

When an object rotates around point O, the angular position att: andt, are®, and 6, sothe

average angular velocity of the object is

e 0, —6, _ A9 _ Angular displacement per unit
t, -t t Per unit time

The angular velocity can be written as
A6 db
m —_—

= lim —= = (rad/s or revls)
At—0 At dt

0

Similarly, assume the angular velocity of t,and t, are @, and , so the average angular
acceleration is
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Therefore, the angular acceleration can be written as

a=|im—=a (rad/s®> or rev/s?)

Since the kinetic energy is the collection of all rigid bodies, we can then know

1 1 1 1
K= Emlvl2 +Em2v22 +§m3V32 +..= ZEmin

Substitute v=rew into the above equation'

K = Z m, (r.w)° _—(Zm,,)co ——Ia)

The moment of inertia | can be defined as

I=zmiri2
i

The unit of I iskg-m?. If the particle is a continuous body;
| = j r2dm = j oridv (o is the density)
From the torque
r=Fr=m(ar)r =(mr’)w=

Note: parallel axis theorem

If the total mass of an object is M, the moment of inertia which passes through the axis of centroid
is I, , the moment of inertia of another parallel axis is | and the distance between two axes is h, the

formula can then be expressed as:

| =lgy + MR’

Proof:
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Assume the rotation axis direction is axis Z and the centroid is the origin of the coordinate
(Xem = Yem = 0) so the moment of inertia of particle m, to axisAis

I = miri2 =m[(x; _a)2 +(Y; _b)z] = mi(Xi2 + Yiz) + (a2 +b2)mi —2am;x; — 2bmyy;
=YL= m o +y ) + (@7 +b%)Y m —2a> mx, — 20> my,

The final two terms are zero because the centroid defines

D> mx =Mxe, =0
Zmiyi :MyCM =0

And a?+b?=h?

="M+ y ) + O m)h? = Iy, + MR QED

The derivation of the moment of inertia I:

When calculating the moment of inertia, we need to first know the relationship of the coordinate. Their
relationship can be expressed as follows.

Cylindrical coordinates:
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X=rcos¢ y=rsip z=z dv = rdrd¢dz

Spherical coordinates:

x=Rsinfcos¢ y=RsiWsim z=Rco® dv=R’sin@lRddo

R sin@do

1. Adisk or a cylinder: I:%MR2
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Assume the above two figures are the very small volume of cylinders so
dv = rdrdgdz
Assume the body density is p so dm is
dm= pdv = prdrdgdz

So

R 2r I R* 1
I:jﬁdmzjrﬂﬂv=pL|3mI)d¢Ldz:;»Z{bﬂI=EpMR4

Because
M
PR
Hence,
1 1. M
| == paAR* == R*
27 2GR
_ 1R
2

Whether the object is a disk or a cylinder, 1 is not influenced by the height of the object.
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Axis

Also, assume we have an object like above figure and we change the position of the rotation axis so the

moment of inertia of the disk is

30, d
| = J'rzdm = _[(rsin #)? prdrdgdz = pIOR ridr _[02 sin2¢d¢_[_zgdz = ﬂlz/id
2

4
R
4
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4

2. An annular cylinder: I:%M (R’ +R,?)

5 o g
\{gf/

Similar to the above equation, if we change the upper and lower limitation of r in the integral equation,

I=Iﬁmn=pﬂ?ﬁmi?d¢ﬂdz=%pd(&4—&ﬁ

and

PR —R))
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and
(R'-R") _ (R, +RIR,-R)
(R -R’) (R -R’)
S 1=IMR2+RY)
2
3. Acylinder

(i) Assume the cylinder radius can be neglect and the density is uniform. If the column density is

A= % and the stick is at position X, the formula is
dm = Adx = %dx

| = Ixzdm = J.xz/ldx

The result will be different because of different centre rotation positions (or the rotation axis positions)

Axis

¢

Y

If the axis is at the stick centre (shown as the above figure),
L L L/y3
| = J'xzdm = J'xz/ldx = J'ZL x?2dx = 2.[2 x?2dx = ZMﬁ
~3 0 L 3

RERVIE
12
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If the axis is at the side end of the stick,

Axis

g »

| = Ixzdm = J'xz/ldx = J.OL X2Adx = % L (%)

IVIE
3

(if) Assume the cylinder radius can not be neglect and its density is uniform. Here we only discuss the
situation of horizontal rotation.

Axis

B
<«

®

We slice the cylinder into small disks and the mass of each disk is dm. Assume the rotation axis is the
diameter of the disk and its moment of inertia which we have calculated is | = % MR?. From the

parallel axis theorem, we know

I =[dl = [d(ley +Mh?) = [dlg, + [dm-dh’
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From the above figure, we know | =1, = % MR?. jdm -dh? in the parallel axis is equal to the

calculation of the cylinder (neglect the radius) at the axis centre which we have derived. So

| =.[dICM +Idm~dh2 =Id(ZMR2)+jX2dm=ZMR2 +EMLZ

R is the cylinder radius and L is the length of the cylinder.

4. Spherical body (solid and hollow)
(i) Solid sphere
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